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Abstract
The linear stability of a laminar boundary-layer ﬂow over a swept wing is studied for a stationary perturbation with spanwise
wavenumber β = O
(
Re
2
9
)
, where β is non-dimensionalised by the chordwise distance L to the leading edge, and Re is the Reynolds
number based on L. This scaling corresponds to the lower-branch regime of the neutral curve, and hence represents the genesis
stage of stationary crossﬂow vortices. We show that in this stage or regime, the non-parallelism of the ﬂow plays a leading order
role in the growth of the instability. Non-parallel-ﬂow eﬀects consist of two parts: the streamwise variation of the base-ﬂow
proﬁles, and the distortion of the eigenfunction. These two contributions to the growth rate are found to be of the same order of
magnitude, and both are closely related to the 4th-order vertical derivatives of the base-ﬂow proﬁle on the surface of the wing. The
implication of the present ﬁnding on the description of stationary vortices using the Orr-Sommerfeld equation is discussed.
c© 2014 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of ABCM (Brazilian Society of Mechanical Sciences and Engineering).
Keywords: Crossﬂow Instability; Stationary Vortices; Non-parallelism
1. Introduction
We consider the local stability of a three-dimensional boundary layer over a swept aerofoil. As usual, the analysis
is typically performed for the local velocity proﬁle at a distance L, say, from the leading edge of the aerofoil. The
properties of the crossﬂow instability depend on the size of the spanwise wavenumber β = β∗L with respect to the
local Reynolds number Re = V∞L/ν, where V∞ is an appropriate reference velocity and ν is the kinematic viscosity.
For stationary modes, four distinguished regimes have been identiﬁed in order of decreasing β. The essentially
inviscid instability regime operates when β = O
(
Re
1
2
)
, the instability is associated with the inﬂection point of the
skewed velocity proﬁle, and the vortices are primarily aligned with the local streamline1. At β = O
(
Re
3
7
)
the viscous-
inviscid interactive regime occurs, where a viscous sub-layer provides an adjustment to the dispersion relation2. At
β = O
(
Re
3
8
)
the viscous and inviscid contributions balance, and the ﬂow assumes the standard triple-deck structure.
For β = O
(
Re
2
7
)
the instability retains the viscous-inviscid interactive nature, but vortices align with the local wall
shear3, and so the structure governing the instability becomes similar to the triple-deck structure for a marginally
separated proﬁle2,4.
In each of these regimes the non-parallel variations of the ﬂow produce a small correction to the leading order
behaviour. The β = O
(
Re
2
9
)
regime we are considering here however is where non-parallelism ﬁrst has a leading-
 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
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order eﬀect on the behaviour of the instability, with the non-parallel variations of the base ﬂow and the perturbation
of equal importance.
2. Linear Stability Analysis
We begin with a laminar base ﬂow (U, P), which satisﬁes the three-dimensional Boundary Layer equations in the
region Y = Re
1
2 y = O (1). To the base ﬂow we add a perturbation δ (u′, p′). Under the assumption that the amplitude
of the perturbation is small, i.e. δ  1, we can linearise the Navier-Stokes equations:
(U · ∇) u′ + (u′ · ∇)U = −∇p′ + ∇2u′, (1)
∇ · u′ = 0, (2)
u′ = 0 on Y = 0, (3)(
u′, p′
) → 0 as Y → ∞. (4)
Since the wavelength of the instability, though long (of O
(
Re−
2
9 L
)
), is still much shorter than the length scale L over
which the base ﬂow varies, we can look for normal mode solutions whose amplitude and chordwise wavenumber α
vary over this same scale, allowing the solution to be written in WKB form as
(
u′, p′
)
= (uˆ (Y; x, z) , pˆ (Y; x, z)) exp
[
iRe
2
9
{∫ x
α (x˜) dx˜ + β0z
}]
,
where the chordwise wavenumber expands as α = α0 + Re−
1
6α1 + . . ..
The instability is controlled by the eﬀective proﬁle Uef f := U+
β0
α0
W, the projection of the base ﬂow in the direction
of the instability, along with λ0n := λ
x
n +
β0
α0
λzn, the projection of the Maclaurin coeﬃcients λ
x
n and λ
z
n for the base ﬂow
components U and W about the wing surface, i.e.
λxn :=
1
n!
∂nU
∂Yn
|Y=0 , λzn :=
1
n!
∂nW
∂Yn
|Y=0.
The instability must be aligned with the local wall-shear in order for it to be stationary3, so λ01 := λ
x
1 +
β0
α0
λz1 = 0 at
x = 1. For a given β0, this allows us to determine α0 from the behaviour of the base ﬂow at the wall surface.
Substituting the Maclaurin series into the Boundary Layer equations, we ﬁnd that for a base ﬂow with no imposed
suction at the wing surface,
2λx˙2 = −UsU˙s,x −WsU˙s,z, (5)
6λx˙3 = 0, (6)
24λx˙4 = 2λ
x
1λ
x˙
1,x + 2λ
z
1λ
x˙
1,z − λx˙1
(
λx1,x + λ
z
1,z
)
. (7)
Here we have introduced new notation: x˙→ z and U˙ → W for the corresponding z equations.
The small Y behaviour of the eﬀective velocity proﬁle is thus given by
Uef f ∼ λ02Y2 + λ04Y4 + . . . as Y → 0. (8)
Using (7), we have that
12λ04 = λ
x
1λ
0
1,x + λ
z
1λ
0
1,z. (9)
This relation will play a signiﬁcant role in the dispersion relation later on.
2.1. Main Deck
We begin by considering the Main Deck, where Y = Re
1
2 y = O (1). W.l.o.g we take uˆ, wˆ = O (1). Via the continuity
equation, we thus have
(uˆ (Y; x, z) , pˆ (Y; x, z)) =
(
uˆ, 5vˆ, wˆ, 5 pˆ
)
,
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where  = Re−
1
18 , and we expand each component in powers of , i.e.
uˆ = uˆ0 (Y; x, z) + uˆ1 (Y; x, z) + . . . ,
and similar expansions hold for vˆ, wˆ and pˆ. We proceed by substituting this form for the perturbation into the
linearised Navier-Stokes equations, and solving the resulting equations at each order of .
At the ﬁrst three orders we ﬁnd that
˙ˆuj = Aj (x, z) U˙Y , vˆ j = −iα0Aj (x, z)Uef f , pˆ j = Pj (x, z) for j = 0, 1, 2, (10)
where the Displacement functions Aj (x, z) and the Pressure functions Pj (x, z) are as-yet-unknown functions that
will be related through the Upper Deck. At the following orders we have
˙ˆu3 = A3 (x, z) U˙Y , vˆ3 = −iα1A0 (x, z)U − iα0A3 (x, z)Uef f , pˆ3 = P3 (x, z) , (11)
and
vˆ4 = −iα1A1U − A0,xU − A0,zW + A0Uef f
Y∫
0
(
UUef f ,x +WUef f ,z − Uef f ,Y˜Y˜
)
Y˜
+ VY˜Y˜Ue f f + VUe f f ,Y˜Y˜
U2e f f
dY˜ (12)
∼ 2A0
λ02
(
λx1λ
0
1,x + λ
z
1λ
0
1,z − 12λ04
)
+ O (Y) as Y → 0. (13)
Here we have used the notation λ01,x := λ
x
1,x +
β0
α0
λz1,x. This is not the same as
d
dx
(
λ01
)
, as the wavenumbers α0 and β0
may vary horizontally.
uˆ4 and wˆ4 can also be found, but their matching conditions are not required to determine the dispersion relation.
Through the Boundary Layer equations, (9) gives us that the constant term in the above matching condition (13) is
identically zero, and so this solution will end up also not contributing to the matching condition for the Lower Deck.
2.1.1. Matching Conditions
These Main Deck solutions give the following matching conditions:
As Y → ∞,
u˙′ → 0, (14)
v′ ∼ 5
(
−iα0A0Uef fs
)
+ 6
(
−iα0A1Uef fs
)
+ (15)
+ 7
(
−iα0A2Uef fs
)
+ 8
(
−iα1A0Us − iα0A3Uef fs
)
+ . . . ,
p′ = 5P0 + 6P1 + 7P2 + 8P3 + . . . ; (16)
As Y → 0,
u˙′ ∼ A0
(
λx˙1 + 2λ
x˙
2Y + . . .
)
+ A1
(
λx˙1 + 2λ
x˙
2Y + . . .
)
+ (17)
+ 2A2
(
λx˙1 + 2λ
x˙
2Y + . . .
)
+ 3A3
(
λx˙1 + 2λ
x˙
2Y + . . .
)
+ . . . ,
v′ ∼ 5
(
−iα0A0
(
λ02Y
2 + . . .
))
+ 6
(
−iα0A1
(
λ02Y
2 + . . .
))
+ (18)
+ 7
(
−iα0A2
(
λ02Y
2 + . . .
))
+ 8
(
−iα1A0
(
λx1Y + . . .
)
− iα0A3
(
λ02Y
2 + . . .
))
+
+ 9 (O (Y)) + . . . , (19)
p′ = 5P0 + 6P1 + 7P2 + 8P3 + . . . . (20)
Since v′, p′  0 as Y → ∞, the Main Deck solution does not satisfy the attenuation condition (4). We need to
introduce an Upper Deck, whose scaling for y is chosen so that the vertical inertial terms and pressure gradient balance
at leading order. Similarly since u˙′  0 as Y → 0 it does not satisfy the no-slip condition (3). We must also introduce
a Lower Deck whose scaling for y allows the horizontal inertial and viscous terms to balance at leading order.
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2.2. Upper Deck
We need to choose a scaling for y so that the vertical inertial terms and pressure gradient can balance at leading
order, and hence satisfy the attenuation condition (4). From the vertical momentum equation (1) and the matching
condition (15) we have i−4 (α0 + . . .) 5
(
−iα0Uef fs + . . .
)
∼ −5 p˜y , which implies that
y = O
(
4
)
, Y = O
(
−5
)
. (21)
We thus introduce the scaled vertical variable y˜ = −4y. From the matching conditions (15) and (16) we have that
v′, p′ = O
(
5
)
at the bottom of the Upper Deck, and hence via the continuity equation (2) we get that the perturbation
in the Upper Deck takes the form
(uˆ, pˆ) = 5 (u˜ (y˜; x, z) , v˜, w˜, p˜) , (22)
with the asymptotic expansions u˜ = u˜0 + u˜1 + . . ., etc., as for the Main Deck solution. Substituting this into the
governing equations (1) and solving each system of equations, we arrive at the following solution for the Upper Deck:
for j = 0, 1, 2 we have
(
u˜ j, v˜ j, w˜ j
)
= −
(
1,
iα
α0
,
β0
α0
)
Pj
Ue f fs
e−αy˜ , p˜ j = Pje−αy˜, (23)
while at the next order
u˜3 =
1
Uef fs
⎛⎜⎜⎜⎜⎝α1
α0
P0
⎛⎜⎜⎜⎜⎝ UsUe f fs − 1 + 2
α20
α
y˜
⎞⎟⎟⎟⎟⎠ − P3
⎞⎟⎟⎟⎟⎠ e−αy˜, (24)
v˜3 =
( −i
Ue f fs
) ⎛⎜⎜⎜⎜⎝α1
α
P0
⎛⎜⎜⎜⎜⎝2 (1 − αy˜) − α
2Us
α20Uef fs
⎞⎟⎟⎟⎟⎠ + α
α0
P3
⎞⎟⎟⎟⎟⎠ e−αy˜, (25)
w˜3 =
β0
α0Uef fs
⎛⎜⎜⎜⎜⎝α1
α0
P0
⎛⎜⎜⎜⎜⎝ UsUe f fs + 2
α20
α
y˜
⎞⎟⎟⎟⎟⎠ − P3
⎞⎟⎟⎟⎟⎠ e−αy˜, (26)
p˜3 =
(
P3 − 2α0α1
α
P0y˜
)
e−αy˜, (27)
where α :=
√
α20 + β
2
0.
By considering the matching of the Main Deck and Upper Deck solutions for v′, we arrive at the Pressure-
Displacement relations
Aj =
αPj
α20U
2
e f fs
for j = 0, 1, 2, , A3 =
2α1P0
αα0U2e f fs
⎛⎜⎜⎜⎜⎜⎝1 − α
2Us
α20U
2
e f fs
⎞⎟⎟⎟⎟⎟⎠ + αP3
α20U
2
e f fs
. (28)
2.3. Lower Deck
From the Main Deck matching condition (17) we have u˙′ ∼ A0
(
λx˙1 + 2λ
x˙
2Y + . . .
)
+ . . . as Y → 0, which does not
satisfy the no-slip boundary condition (3) on the surface of the wing. We thus balance the horizontal inertial and
viscous terms at leading order to determine the scaling for y required for the Lower Deck:
i−4 (α0 + . . .)Uef f u′ ∼ u′YY ⇒ i−4α0
(
λ02Y
2 + λ04Y
4 + . . .
)
u′ ∼ u
′
Y2
.
There are now two cases we can consider. Across the majority of the aerofoil λ02 = O (1), and so the scaling is
given by balancing with λ02Y
2, since Y  1. If however λ02 has a zero, which for a spanwise-inﬁnite aerofoil occurs
at the maximum of the slip velocity Us, then there will be a region around this zero where the scaling for the Lower
Deck is given by balancing with λ04Y
4. For these two cases the scalings for y are
y ∼ Re− 1018 , Y ∼ Re− 118 for λ02 = O (1) (29)
y ∼ Re− 2954 , Y ∼ Re− 127 for λ02Y2 = O
(
λ04Y
4
)
(30)
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We will proceed under the assumption that λ02 = O (1), introducing the scaled vertical variable y = 10y, and later
discuss the region around λ02 = 0.
From the Main Deck matching condition, (18), v′ ∼ 5
(
−iα0A0λ02Y2 + . . .
)
as Y → 0, and so at the top of the
Lower Deck we have v′ = O
(
7
)
. Similarly, from the remaining matching conditions, we have that u˙′ = O (1) and
p′ = O
(
5
)
. The form of the perturbation in the Lower Deck is thus
(uˆ, pˆ) =
(
u (y; x, z) , 7v,w, 5p
)
(31)
The matching condition (18) for v′ from the Main Deck at y = Y = O (1) is
v′ ∼ 7
(
−iα0A0λ02y2
)
+ 8
(
−iα0A1λ02y2
)
+ 9
(
−iα0A2λ02y2 − iα0A0λ04y4 − iα1A0λx1y
)
+ . . . . (32)
Since λ01 = 0 the leading order equations admit any solution for v0. At the next order the momentum equations
combine to give
iα0λ02y
4
[
y−2v0
]
y
= v0,yyy. (33)
This is satisﬁed by v0 = −iα0λ02A0y2, the continuation of the Main Deck solution. Plugging this into the leading order
Lower Deck equations and introducing s =
(
4iα0λ02
) 1
4 y, we arrive at
[
d2
ds2
− 1
4
s2
] (
u˙0 − λx˙1A0
)
= 0, (34)
which is the Parabolic Cylinder equation as deﬁned by Abramowitz & Stegun5. The solution satisfying the no-slip
condition (3) and the matching condition (17) is
u˙0 = λx˙1A0
⎛⎜⎜⎜⎜⎜⎝1 −
D− 12 (s)
D− 12 (0)
⎞⎟⎟⎟⎟⎟⎠ . (35)
D− 12 (s) is the Parabolic Cylinder function which decays exponentially as R  s → ∞. Since s is a complex variable,
care needs to be taken over what ”s→ ∞” means; this is considered on page .
The Leading order solution in the Lower Deck is thus
u˙0 = λx˙1A0
⎛⎜⎜⎜⎜⎜⎝1 −
D− 12 (s)
D− 12 (0)
⎞⎟⎟⎟⎟⎟⎠ , v0 = −iα0λ02A0y2, p0 = P0 =
α20U
2
e f fs
α
A0. (36)
Repeating this at the next order, we ﬁnd that v1 satisﬁes the same equation as v0, (33), and that the full solution is
u˙1 = λx˙1A1
⎛⎜⎜⎜⎜⎜⎝1 −
D− 12 (s)
D− 12 (0)
⎞⎟⎟⎟⎟⎟⎠ + 2λx˙2A0y, v1 = −iα0λ02A1y2, p1 = P0 =
α20U
2
e f fs
α
A1. (37)
The next-order equations will allow us to determine a dispersion relation for the chordwise wavenumber α1. Con-
sidering the O () terms in the linearised Navier-Stokes equations, in the projected form {x equation}+ β0
α0
{
z equation
}
,
we arrive at
−λ04y4v0,y −
α1
α0
λx1yv0,y +
α1
α0
λx1v0 − λ02y2v2,y + 2λ02yv2 + 4λ04y2v0 + (38)
+λx1y
(
u0,x +
β0
α0
w0,x
)
+ λz1y
(
u0,z +
β0
α0
w0,z
)
+ y
(
u0λ01,x + w0λ
0
1,z
)
=
α2
iα0
p0 −
1
iα0
v2,yyy.
Here the ﬁrst two bracketed terms are the contribution from the non-parallel variation of the instability, while the third
is that from the non-parallel variation of the base ﬂow itself. Since the ﬂow is wall-shear aligned, and hence λ01 = 0,
it turns out that
u0,x˙ +
β0
α0
w0,x˙ =
λ01,x˙
λx˙1
u0, (39)
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and thus these non-parallel contributions from the instability and the base ﬂow are the same. The non-parallel
variation of the perturbation is thus just as important as that of the base ﬂow, and both will be shown to have a leading
order eﬀect on the dispersion relation. With (39) in mind, the governing equation for v2, (38), simpliﬁes to
L [v2] := v2,yyy − iα0λ02y4
[
y−2v2
]
y
= −2α20λ02λ04A0y5 + α1α0λx1λ02A0y2 − (40)
− 2iα0y
(
u0λ01,x + w0λ
0
1,z
)
+ α2p0.
To take account of the matching condition (32) for v′, we deﬁne
v2 := −iα0λ04A0y4 − iα0λ02A2y2 +V2,
so that we now needV2 ∼ −iα1λx1A0y as y→ ∞. The governing equation (40) in terms ofV2 becomes
L [V2] = 24iα0λ04A0y + α1α0λx1λ02A0y2 − 2iα0y
(
u0λ01,x + w0λ
0
1,z
)
+ α2p0,
or, in terms of s =
(
4iα0λ02
) 1
4 y,
Ls [V2] := V2,sss − 14 s
4
[
s−2V2
]
s
= fV2 (s) (41)
where
fV2 (s) :=
6λ04A0
λ02
s − iα1λ
x
1A0
4
(
4iα0λ02
) 1
4 s2 − (42)
− s
2λ02
(
u0λ01,x + w0λ
0
1,z
)
+ α2
(
4iα0λ02
)− 34 p0
2.4. Dispersion Relation
We now have a 3rd order linear forced ODE, Ls [V2] = fV2 . Integration by Parts allows us to avoid having to
solve this directly. Consider the L2 inner product of fV2 and some function υ:
〈
fV2 (s) , υ (s)
〉
L2
:=
∞∫
0
fV2υds =
∞∫
0
Ls [V2] υds.
Integrating by parts, we arrive at an integral involving the adjoint diﬀerential operator, L∗s:
∞∫
0
Ls [V2] υds =
∞∫
0
V2
(
−υsss + 14 s
2υs + sυ
)
ds +
[
V2,ssυ −V2,sυs +V2υss − 14 s
2V2υ
]∞
0
=:
∞∫
0
V2L∗s [υ] ds +
[
V2,ssυ −V2,sυs +V2υss − 14 s
2V2υ
]∞
0
.
Thus if we can ﬁnd υ such that L∗s [υ] = 0 and [V2ssυ −V2sυs +V2υss]∞0 = 0, then solving our governing equation
(42) is equivalent to satisfying
∞∫
0
fV2υds = 0. Conveniently, υ = sD− 12 (s) is such a solution. Our dispersion relation
thus comes from satisfying
∞∫
0
fV2 sD− 12 (s) ds = 0. (43)
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To do so, we will need the following integrals:
∞∫
0
s2D− 12 (s) ds = −4D
′
− 12
(0) ,
∞∫
0
s3D− 12 (s) ds = 4D− 12 (0) ,
∞∫
0
u0s2D− 12 (s) ds =
4λx1A0
D− 12 (0)
∞∫
0
[
D′− 12 (s)
]2
ds.
Applying this to the forcing term fV2 deﬁned in (42), we arrive at
α1 =
i
(
4iα0λ02
) 1
4
λx1
⎡⎢⎢⎢⎢⎣ 2
λ02
(
λx1λ
0
1,x + λ
z
1λ
0
1,z
)
δ3 −
24λ04
λ02
δ1 −
(
4iα0λ02
) 1
4 αα20U
2
e f fsδ2
⎤⎥⎥⎥⎥⎦ , (44)
where
δ1 =
D′− 12 (0)
D− 12 (0)
≈ −0.478, δ2 =
∞∫
0
sD− 12 (s) ds
D− 12 (0)
≈ 1.198, δ3 =
∞∫
0
(
D′− 12 (s)
)2
ds
(
D− 12 (0)
)2 ≈ 0.357. (45)
These constants were calculated numerically6, and agree with values previously found2.
We now need to take care with our choice of root for s =
(
4iα0λ02
) 1
4 y. Our restriction on which branch we can
choose comes from the requirement that our Parabolic Cylinder functionD− 12 (s) decays exponentially as y→ ∞. By
considering the large s behaviour of the Parabolic Cylinder equation ψss − 14 s2ψ = 0,
we ﬁnd that
ψ ∼ χs− 12 exp
[
C0
χ2
± s
2
4
+ . . .
]
for s = O
(
χ−1
)
.
for some C0 ∈ R. We choose the negative sign so that it decays exponentially as R ∈ s→ ∞. For s =
(
4iα0λ02
) 1
4 y,
the appropriate choice of root for z
1
4 so that ψ decays as y¯→ ∞ is
s =
(
4α0
∣∣∣λ02∣∣∣
) 1
4 e±i
π
8 y, (46)
with ± chosen to match the sign of λ02. Here we have assumed that α0 > 0 - this can be arranged by choosing the
sign of β0 accordingly, since we have that
α0λ
x
1 + β0λ
z
1 = 0,
and λx1 and λ
z
1 do not change sign, as this would correspond to separation of the Boundary Layer.
Applying this choice of root to the equation for α1, (44), we arrive at our dispersion relation:
α1 =
{
±α 520CP ∓ α
1
4
0
(
C4 +Cnp
)
tan
π
8
}
+ i
{
α
5
2
0CP + α
1
4
0
(
C4 +Cnp
)}
(47)
The coeﬃcients resulting from each of the contributing mechanisms are given by:
CP = −
⎛⎜⎜⎜⎜⎜⎝1 +
(
λx1
λz1
)2⎞⎟⎟⎟⎟⎟⎠
1
2 U2e f fsδ2
2
3
2
∣∣∣λ02
∣∣∣ 12 λx1
, C4 = ±2 32 cos π8 ×
12λ04δ1∣∣∣λ02
∣∣∣ 34 λx1
, Cnp = ±2 32 cos π8 ×
[
(λ1 · ∇) λ01
]
δ3∣∣∣λ02
∣∣∣ 34 λx1
(48)
This dispersion relation appropriately matches that for the O
(
Re
2
7
)
wall-shear aligned regime4.
Here our choice of notation should again be made clear: (λ1 · ∇) λ01 := λx1λ01,x + λz1λ01,z where λ01,x := λx1,x + β0α0 λz1,x 
d
dx
(
λ01
)
. λ01,x is the projection of the derivatives, rather than the derivative of the projection.
The pressure term Cp has been related to the aligned slip velocity Uef fs via the Pressure-Displacement relations
from the Upper Deck, and as with the other signiﬁcant β scalings for crossﬂow, is destabilising (for λx1 > 0, i.e.
unseparated ﬂow).
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The C4 term is the contribution due to the 4th vertical derivatives of the base ﬂow at the wing surface, while Cnp is
that from the non-parallel variation of the base ﬂow and the perturbation - due to the nature of the Main Deck solution
for the perturbation, they both provide the same contribution to the dispersion relation, in the form of the Cnp term.
This relationship in fact goes further; as mentioned previously in (9), it can be shown that for a ﬂow with no imposed
suction on the surface of the wing,
12λ04 ≡
[
(λ1 · ∇) λ01
]
,
and hence the C4 and Cnp terms are eﬀectively identical, up to the constants δ1 and δ3 which diﬀer in sign.
For a given spanwise wavenumber, the critical chordwise wavenumber for which the growth rate of the mode is
zero is given by
αc =
[
−C4 +Cnp
Cp
] 4
9
(
if
C4 +Cnp
Cp
< 0
)
. (49)
If such a wavenumber exist, modes with larger values of α1 will grow in amplitude as we move further downstream,
while those with smaller values will decay. If no such critical wavenumbers exist, all modes will grow. This has
important implications for the receptivity of the ﬂow in this regime. The early development of a crossﬂow instability
excited by surface roughness close to the leading edge of the wing will diﬀer signiﬁcantly if all wavenumbers are
excited by the spacing of the roughness, or if only a certain range of wavenumbers are unstable.
Since C4 and Cnp are so closely related, the condition on the existence of a neutral wavenumber reduces simply to
0 > sign
{
λ02λ
0
4
}
. (50)
3. Instability Regimes and Chordwise Variation of the Growth Rate
Instead of focusing on a speciﬁc chordwise location and varying the spanwise wavelength of the instability, con-
sider now a mode with ﬁxed physical spanwise wavelength λ∗. The locations of each of the signiﬁcant scaling regimes
for the crossﬂow instability are then given by the balance (2π/λ∗)x∗ = β∗x∗ = β ∼ Reγ = (V∗∞Us (x) x∗/ν)γ, from which
we ﬁnd
x ∼
(
λ
2π
) 1
1−γ
(ReLUs (x))
γ
1−γ (51)
where the global Reynolds number ReL =
V∗∞L
ν
- V∗∞ is the velocity scale used for non-dimensionalisation, e.g.
the freestream velocity, and L the length scale, e.g. the chordlength or nose radius of the aerofoil. For each value
of γ ∈
{
2
9 ,
2
7 ,
3
8 ,
3
7 ,
1
2
}
, (51) gives us a representative location for where the corresponding instability regime occurs.
The signiﬁcant regime locations are those for the non-parallel regime considered here, γ = 29 , and the neighbouring
wall-shear aligned regime, γ = 27 .
The growth rate of the harmonic mode can be determined from the imaginary part of the dispersion relation (47):
− {α} = −
{
Re
2
9
(
α0 + Re−
1
6α1 + . . .
)}
= −Re 118
(
α
5
2
0Cp + α
1
4
0
(
C4 +Cnp
))
,
where Cp, C4, and Cnp are deﬁned in (48). This expression is valid in the vicinity of the location given by (51) for
γ = 29 .
For a given baseﬂow, the coeﬃcients λx1 etc. involved in the dispersion relation must be calculated numerically. For
this we use the numerical scheme described by Cebeci & Cousteix7 based on Keller’s box method, extended to a three-
dimensional ﬂow over a spanwise-inﬁnite aerofoil. We will focus in particular on the case of a Joukowskii aerofoil.
The numerical accuracy and reliability of the scheme employed has been tested using the growth rate expression for a
Falkner-Skan-Cooke base ﬂow, which only depends on the numerical calculation of two shooting parameters, as well
as the asymptotic behaviour of the Joukowskii solution near the front stagnation point.
A typical growth rate plot for a Joukowskii aerofoil is shown in Figure 1, while Figure 2 demonstrates the eﬀect of
neglecting the non-parallel term Cnp term from the dispersion relation. Non-parallelism makes the mode less stable
up to its neutral point, after which it has a stabilising eﬀect.
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Fig. 1. The growth rate for wavelength λ = 10−2 and ReL = 107 over a Joukowskii aerofoil with chordlength L = 1 and aspect ratio ba = 0.025.
A discontinuity occurs when λ02 = 0, which corresponds to the maximum of the slip velocity for a spanwise inﬁnite
aerofoil. If this lies within the non-parallel region where (47) is valid, then the scaling for the Lower Deck must be
adjusted, resulting in a diﬀerent dispersion relation for a small region around the zero. In the case shown in Figure 1
the point at which λ02 = 0 does lie within the non-parallel region we are considering here.
The dispersion relation breaks down when λ02 → 0 as x → xmax. If this occurs in the non-parallel region where
the dispersion relation is valid, a new scaling for the Lower Deck must be introduced. This scaling ﬁrst changes
when λ02Y
2 ∼ λ04Y4, from which we get the O (1) variables describing the region, y¯ = Re
29
54 y, x¯ = Re
4
54 (x − xmax),
and λ02 = Re
4
54 λ02. The expansion for the chordwise wavenumber is also adjusted: since C4,Cnp ∼
∣∣∣λ02
∣∣∣− 34 , α =
Re
2
9
(
α0 + Re−
1
9 α˜1 + . . .
)
.
For this region the analysis proceeds as in Section 2.3. The ﬂow variables are now expanded in terms of  = Re−
1
54 .
There are three prominent diﬀerences for this region. In place of the Parabolic Cylinder equation, the diﬀerential
operator acting on u¯0 is
Λ =
[
d2
dy¯2
+ iα0
(
λ02y¯
2 + λ04y¯
4
)
+ iα˜1λx1y¯
]
.
Secondly, whereas the Main Deck solution can be used for v¯0 when λ02 = O (1), in this new region the solvability
condition is determined from v¯0 rather than v¯2, resulting in a pair of coupled inhomogeneous diﬀerential equations for
u¯0 and v¯0.
Finally, since C4 and Cnp are more singular than Cp in terms of λ02, the pressure term drops out of the dispersion
relation. The ﬂow takes on a Classical Boundary Layer structure, with the pressure playing a passive role. The analysis
of this region is on-going, and will be published at a later date.
4. Conclusions
We have investigated the linear stability of a laminar three-dimensional boundary layer over a swept wing with
respect to stationary crossﬂow vortices with spanwise wavenumber of O
(
Re
2
9
)
, and shown that for this scaling of the
wavenumber the non-parallelism plays a leading order role in the growth of the perturbation, unlike most shear-ﬂow
instabilities for which non-parallelism contributes a high-order correction.
The instability modes have a marginally-separated triple deck structure, since they must be aligned with the local
wall shear in order to be stationary. The streamwise variations of both the base ﬂow and eigenfunction make the
same order-of-magnitude contribution to the dispersion relation and, signiﬁcantly, the terms in the dispersion relation
produced by these variations are proportional to the 4th-order vertical derivatives of U and W at the wing surface. The
dispersion relation in the non-parallel regime is hence a modiﬁed version of that for the wall shear aligned regime.
The overall nonparallel-ﬂow eﬀects, represented by Cnp term, has a stabilising eﬀect over most of the non-parallel
region, after the neutral point of the mode.
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Fig. 2. Comparison of growth rate with and without Cnp , for λ = 10−2 and ReL = 107 on a Joukowskii aerofoil with ba = 0.025 and L = 1 .
A neutral mode can exist when sign
{
λ02λ
0
4
}
< 0. For a blunt nosed aerofoil, which has slip velocity and arclength
related by Us ∼ σS near the front stagnation point for some σ,
{
λ02λ
0
4
}
is in general negative between the front
stagnation point and the zero of λ04, and then again after the zero of λ
0
2.
The region around the zero of λ02, which corresponds with the maximum of the slip velocity if the aerofoil is
spanwise inﬁnite, has an altered structure detailed in the previous section, with pressure now playing a passive role.
The investigation of this region is currently on-going.
Now that the ﬂow structure for this non-parallel regime has been investigated for a smooth wing, a receptivity study
can be performed by introducing spanwise periodic roughness to the surface of the wing within this region.
Our analysis shows that non-parallel-ﬂow eﬀects play a critical role in the genesis stage of stationary crossﬂow
vortices, near the leading edge of the wing. More importantly, the distortion of the eigenfunction aﬀects at leading-
order the growth rate as does the streamwise variation of the base ﬂow. As a result, the usual Orr-Sommerfeld
equation, or even a version including the slow horizontal variation of the base ﬂow, cannot be used to reliably predict
the growth of the instability in this region or for this wavenumber scaling. It is therefore necessary to adopt a modiﬁed
version which includes both the streamwise (and spanwise) variations of the base ﬂow and the perturbation shape.
Since transition on commercial aircraft wings occurs fairly close to the leading edge, further studies of instability and
receptivity should focus on this region. In particular, non-parallelism must be included when studying the receptivity
of stationary vortices to surface roughness within the region where this regime occurs, as the existence and location
of a neutral position will play a crucial role in determining the initial amplitude of the vortices excited.
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